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Nonequilibrium dynamics of biomembranes with active multiple-state inclusions is considered. The inclu-
sions represent protein molecules which perform cyclic internal conformational motions driven by the energy
brought with adenosine triphosphate �ATP� ligands. As protein conformations cyclically change, this induces
hydrodynamical flows and also directly affects the local curvature of a membrane. On the other hand, varia-
tions in the local curvature of the membrane modify the transition rates between conformational states in a
protein, leading to a feedback in the considered system. Moreover, active inclusions can move diffusively
through the membrane so that their surface concentration varies. The kinetic description of this system is
constructed and the stability of the uniform stationary state is analytically investigated. We show that, as the
rate of supply of chemical energy is increased above a certain threshold, this uniform state becomes unstable
and stationary or traveling waves spontaneously develop in the system. Such waves are accompanied by
periodic spatial variations of the membrane curvature and the inclusion density. For typical parameter values,
their characteristic wavelengths are of the order of hundreds of nanometers. For traveling waves, the charac-
teristic frequency is of the order of a thousand Hz or less. The predicted instabilities are possible only if at least
three internal inclusion states are present.
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I. INTRODUCTION

Membranes play a fundamental role in various functions
of living cells, providing spatial compartmentalization and
being essential for signal transduction and inter- or intracel-
lular transport �1�. While in vivo experiments with biomem-
branes are difficult because of their strong coupling to the
cytoskeleton and the cytoplasm, investigations with synthetic
membranes and vesicles formed by lipid bilayers can be per-
formed �2�. Equilibrium morphology transitions in vesicles
are well described by the elastic membrane theory �3�. How-
ever, it becomes increasingly clear that, under standard
physiological conditions in a living cell, biomembranes are
far from the state of thermal equilibrium.

Lipid bilayers that constitute a biomembrane are usually
including a large number of protein molecules which may
represent ion pumps, enzymes or other molecular machines.
The common property of active protein inclusions is that
they undergo cyclic conformational changes, with each next
cycle initiated by binding of an energy-bringing ligand, typi-
cally an adenosine triphosphate �ATP� molecule. Active con-
formational motions in the inclusions are coupled to the
membrane dynamics, thus bringing a membrane away from
the state of thermodynamic equilibrium.

Theoretical investigations of biomembranes including ac-
tive ion pumps have shown �4,5� that their fluctuational
power spectra must be very different from that of the equi-
librium membrane systems. It has been experimentally dem-
onstrated that active ion pumps renormalize bending rigidity
�6,7� and surface tension �8� of biological membranes. In
several theoretical studies, it has been furthermore predicted
�9–11� that instabilities of membrane shapes may be induced
by the nonequilibrium activity of the inclusions. Besides ion
pumps, biomembranes containing other types active proteins

have also been studied. For example, it has been shown in
�12� that for membrane-membrane adhesion due to adhesive
receptors, or stickers, that are actively switched between
“on” and “off” states, there is a resonance switching rates at
which the membrane separations are large. For membranes
interacting with cytoskeleton, Shlomovitz and Gov �13� have
predicted the possibility of active membrane waves driven
by actin and myosin �14�. Furthermore, active fission-fusion
processes encountered in intracellular trafficking may also
affect the stability of a flat biomembrane �15�.

The original theoretical analysis of active membrane in-
stabilities has been performed �9� in the framework of a gen-
eral phenomenological approach where the details of opera-
tion of individual protein inclusions did not play a role.
Effects of conformational transitions in active protein inclu-
sions have been explicitly considered in previous publica-
tions �10,11� where the equations for membrane dynamics
have been complemented by a kinetic equation for confor-
mational transitions in molecular inclusions. Only inclusions
with two different conformational states have been previ-
ously studied.

However, models with two-state active inclusions are spe-
cial and some important effects cannot be described by such
kinds of models. Generally, a system out of thermal equilib-
rium is characterized by circulating probability flows whose
existence is characteristic for the violation of the detailed
balance. If only two states are present, the circulating flows
are not however possible. In this sense, two-state systems are
always similar to the systems at thermal equilibrium. When a
two-state system is brought out of thermal equilibrium, it can
still be described by some effective temperature.

Having this in mind, we construct here a complete kinetic
description for the membranes with multiple-state inclusions,
representing a generalization of the previous theories
�4,6,10�. For the general case of the K-state inclusions, a
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detailed stability analysis is analytically performed. In addi-
tion to the long-wavelength static instability due to the nega-
tive effective surface tension, two new instabilities are found.
They are the Turing-type static instability with a finite spatial
wavelength and the oscillatory wave-type instability with a
finite wavelength. The characteristic wavelengths of both in-
stabilities are of the order of hundreds of nanometers; the
characteristic frequency of the patterns emerging as a result
of the wave instability is up to a thousand Hz. Such Turing
and wave instabilities are not possible if only the inclusions
with two internal states are present.

Below in Sec. II the theoretical model is formulated. First
the expressions for the free energy of the system are given
and then the dynamical evolution equations are constructed.
In Sec. III, the slow-time limit of the model, valid when the
time scales of intramolecular processes are much shorter than
the time scales of the merging membrane patterns, is intro-
duced and discussed. The stability analysis of the uniform
stationary state is performed in Sec. IV. The results are fi-
nally discussed in Sec. V.

II. MODEL

A. Free energy and the equilibrium state

We consider a membrane composed of lipids and active
inclusions with K internal states. In this study, we assume
that all inclusions have the same orientation with respect to
the membrane. The situation where inclusions with both up
and down orientations are present can be considered in a
similar way. Before discussing the dynamics, we first con-
sider the free energy of this system. At the coarse-grained
level, its free energy is given by the sum of the elastic energy
of a lipid bilayer, the free energy associated with the inclu-
sions, and the energy of coupling between the inclusions and
the membrane,

F = Fmem + Finc + Fcoup. �1�

For a quasiflat membrane, the elastic free energy of a lipid
bilayer is

Fmem =
1

2
� d2r����h�2 + ���2h�2 + k2��3h�2� , �2�

where h is the height of the membrane relative to the refer-

ence plane, r=xî+yĵ is the two-dimensional position vector

in the reference plane and �=�xî+�yĵ. The coefficient �
characterizes surface tension of the membrane, since the sys-
tem under consideration is a biomimetic membrane, we take
the surface tension of typical cell membranes as the upper
limit for the magnitude of �, i.e, ��5�10−3kBT /nm2 �16�.
� specifies the bending rigidity of the membrane, typically
��10kBT �17�. The coefficient k2 characterizes membrane
rigidity with respect to the spatial variation of the curvature.
Typically, k2�a2��300kBT ·nm2 �a�5 nm is the linear
size of an inclusion�, this term is negligible on lengths large
compared to an inclusion. However, as we will show, for
membranes containing active multiple-state inclusions, it is
possible that the active forces in the system result in an ef-
fective negative membrane bending rigidity. Only when this

type of instabilities occurs, k2 term becomes essential and
determines the instability wavelength. Otherwise, this term
will be neglected.

The free energy associated with the inclusions is

Finc = n0� d2r�kBT�	
�

�� ln �� + 
1 − 	
�

���
�ln
1 − 	

�

���� + 	
�

E��� , �3�

where 0����1 is the dimensionless surface density of in-
clusions in the state ���=1,2 ,3 , . . . ,K�, E� is the energy of
an inclusion in the state �, n0=1 /a2. In this paper, we con-
sider the case of low inclusion density and neglect therefore
possible direct lateral interactions between the inclusions.

The coupling between the inclusion density and the local
membrane curvature is

Fcoup =� d2r�	
�

c����2h , �4�

where c� are the coefficients specifying the strength of cou-
pling between inclusions in different internal states � and the
local membrane curvature. When c�	0, membrane regions
rich in the inclusions in the state � tend to have �2h
0. The
coefficient c� has the dimensionality of the inverse length,
c����� /��l�, where �� is the average cross-sectional area,
��� is the difference between the outer and the inner leaflet
surface area of a state-� inclusion and l� is the thickness �in
the z direction� of the inclusion �see Appendix for the expla-
nations�. Typically, c� is of the order of c��0.1 nm−1.

The equilibrium state of the system satisfies the condi-
tions F /h=0 and F /��=0. This leads to the equations
determining the equilibrium state,

��4h − ��2h − k2�
6h + �	

�

c��2�� = 0 �5�

and

�c��2h + kBTn0�ln �� − ln
1 − 	
�

���� + n0E� = 0. �6�

Equation �6� gives us

�� = 
1 − 	
�

���exp�− �E� + n0
−1�c��2h�/kBT� . �7�

Therefore, the local total density of inclusions at thermal
equilibrium is

�t = 	
�

�� =

	
�

exp�− �E� + n0
−1�c��2h�/kBT�

1 + 	
�

exp�− �E� + n0
−1�c��2h�/kBT�

. �8�

Note that the total number of inclusions present in the mem-
brane is N=n0�d2r�t. It depends on E�, implying that E�

includes a contribution from the free-energy difference be-
tween an �-state inclusion in the membrane and an �-state
inclusion in the solvent.

Because we are primarily interested in nonequilibrium be-
havior, we limit our study below to the situations where the
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uniform flat state of the membrane is stable under equilib-
rium conditions.

B. Evolution equations

If a membrane is impermeable, it can only move together
with the solvent flow. A �partially� permeable membrane can
be dragged through the solvent. Thus, the equation for the
temporal evolution of h�r , t� is

�th = v · n̂ − �p�F

h
+ 	

�,�
k��n0P��

m ��� , �9�

where v�r� is the velocity of the local solvent flow and n̂�r�
is the unit normal vector of the membrane surface. Because
of the permeation, the solvent can “leak” from one side of
the membrane to the other. If a force f is locally applied at a
permeable membrane, it gets dragged through the solvent
with the velocity v=�pf , where �p is the permeation con-
stant, typically �p�10−12 m3 /N s �18�. The local force f is
given by the expression in the brackets in Eq. �9�. In addition
to the first contribution, directly coming from the free en-
ergy, it also includes the second term of purely kinetic origin.
When an inclusion changes its internal conformational state,
some force acting on the membrane is generated. Such aver-
age force corresponds to the second term inside the brackets.
Here, k�� is the transition rate constant for an inclusion to go
from the state � to the state �. In general � and � are inte-
gers between 1 and K, but for inclusions with cyclic transi-
tions such as ion pumps, k�� is nonvanishing only for �
=��1. P��

m is the momentum that an inclusion delivers to
the membrane during a �→� conformational change. Typi-
cally, P��

m ranges from pN·�s to pN·m s. In our analysis, we
shall neglect thermal noises acting on the membrane, which
should be generally present in the membrane evolution equa-
tion.

The local density of inclusions in the state � changes with
time because of the lateral diffusion and the conformational
transitions between the states, so that the evolution equations
for the surface densities of inclusions in the state � are

�t�� = M��2 F

��

+ 	
�

�k���� − k����� , �10�

where M� is the mobility coefficient for the inclusions in the
state �.

Hydrodynamic flows in the solvent are described by the
modified Stokes equation in the limit of low Reynolds num-
ber that takes into account the elastic stress due to the mem-
brane and the forces resulting from the inclusion conforma-
tional changes �6,10�. We have

0 = − �p − �zpẑ + ���2 + �z
2�v − �z − h�

F

h
n̂

+ 	
��

k��n0P������1 + z��
�u��2h��z − z��

�u� − h�

− �1 − z��
�d��2h��z + z��

�d� − h��n̂ , �11�

where � is the viscosity of the solvent. In this equation,

F /h corresponds to the pressure jump across the mem-
brane due to the membrane elasticity. The last term comes
from the conformational changes of the inclusions, and it is
further discussed in the following: Because the dynamics of
an inclusion in the fluid is strongly overdamped, an inclusion
exerts a zero net force on the solvent during its conforma-
tional transition from the state � to the state �. The simplest
description for the effect of an inclusion conformational
change on the solvent flow is therefore provided by a model
of a force dipole. Hence, z��

�u� and z��
�d� in Eq. �11� are the

characteristic lengths �both on the order of a nanometer� for
the force distribution, and P�� is the momentum transfer to
the solvent, during a conformational change of an inclusion
from the state � to the state �. As has been previously
pointed out in Ref. �19� �but neglected in Refs. �7,10��, be-
cause force centers of the inclusions lie in the surfaces par-
allel to the membrane �see Fig. 1�, the local density of the
force centers in the plane h+z��

�u� is �1+z��
�u��2h��z−z��

�u� −h�
and the local density of the force centers in the plane h
−z��

�d� is �1−z��
�d��2h��z+z��

�d� −h�. The physical meaning and
typical magnitudes of the parameters entering into Eqs.
�9�–�11� are listed in Table I.

We note that in �6� P�� is conveniently chosen to be equal
to P��

m . This describes force dipoles that are composed of the
action-reaction force pairs between the inclusion and the
membrane. In our model, we have chosen a more general
situation where P��

m does not have to be the same as P��.
In addition, because the solvent is incompressible we

have

� · v + �zvz = 0. �12�

C. Microscopic reversibility and detailed balance

Microscopic reversibility imposes several constraints on
k��, P��

m , P��, z��
�u�, and z��

�d�. The local membrane curvature
affects the energy landscape of the conformational states of
an inclusion, thus in general the transition rates k�� should
depend on the local membrane curvature. To the order of �2h
we have

k�� = ���
�0�k��

�0��1 + ���
�1�l���2h� . �13�

Here, the parameters k��
�0� and l�� correspond to passive in-

clusions in the absence of external energy supply; k��
�0� is the

equilibrium transition rate at the zero local membrane curva-
ture and l�� represents the characteristic length associated
with the curvature dependence of the equilibrium transition
rate. The parameters ���

�0� and ���
�1� are introduced to describe

FIG. 1. �Color online� Force centers of the active force dipoles
for �→� transitions are distributed on surfaces described by h
+z��

�u�, and h−z��
�d�. These surfaces and h�r� are parallel surfaces, the

areas of parallel surface elements from top to bottom are �1
−z��

�u��2h�dA, dA, and �1+z��
�d��2h�dA, respectively.
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changes in these properties when inclusions become active,
i.e., when the energy is supplied to the inclusions. Thus, for
passive inclusions ���

�0� =���
�1� =1 and the transition rates take

the equilibrium form k��=k��
e =k��

�0��1+ l���2h�.
The detailed balance condition implies �to the order h� the

following relationship between the equilibrium transition
rates k��

e and k��
e :

k��
e

k��
e =

e−�E�+n0
−1�c��2h�/kBT

e−�E�+n0
−1�c��2h�/kBT

= e−�E�−E��/kBT
1 −
��c� − c��

n0kBT
�2h� .

�14�

The second expression is valid as long as
��c�−c���2h /n0kBT= ���c�−c�� /n0kBT� /R�1, where R
= ��2h�−1 is the radius of the local membrane curvature. The
above condition yields

k��
�0�

k��
�0� = e−�E�−E��/kBT, �15�

and

l�� − l�� = −
��c� − c��

n0kBT
. �16�

When the system is passive, there can be no active per-
meation. Therefore, we have

	
��

k��
e P��

m �� = 0. �17�

The requirement of the detailed balance k��
e ��

e =k��
e ��

e yields

P��
m = − P��

m . �18�

This relationship is a direct consequence of the microscopic
reversibility of an �→� transition: the momentum transfer
from an inclusion to the membrane during an �→� transi-
tion has the same magnitude but opposite direction as the
momentum transfer from an inclusion to the membrane dur-
ing a �→� transition.

Two other conditions, that must be satisfied for passive
systems, are

� 	
��

k��
e P���z��

�u� + z��
�d���� = 0,

	
��

k��
e P���z��

�u�2
− z��

�d�2
��� = 0.�

Again, because of the detailed balance, these two conditions
lead to

P�� = − P��, �19�

and

z��
�u� = z��

�u�, z��
�d� = z��

�d� . �20�

These conditions are also direct consequences of micro-
scopic reversibility.

When detailed balance is violated, Eqs. �16� and �18�–
�20� are still valid as microscopic motions are not changed,
but the transition rate k�� is different from k��

e . In particular,
���

�0� −1 indicates how far the system is driven away from
equilibrium, ���

�1� −1 indicates how much the curvature de-
pendence of the active transition rate differs from the equi-
librium system.

D. Final evolution equations

By using Eqs. �11� and �12� and applying the Fourier
transformation in the coordinate space, the flow velocity v
can be expressed in terms of the height variation h. Substi-
tuting the resulting expressions into Eqs. �9� and �10�, final
evolution equations for the local membrane height and the
inclusion density in different conformation states are ob-
tained. They have the form

TABLE I. Coefficients in Eqs. �2�–�4�, �21�, and �22� and their typical values.

Symbol Physical meaning Typical value

� Membrane bending modulus �10kBT

� Membrane surface tension �5�10−3kBT /nm2

c� Inclusion-curvature coupling constant �0.1 nm−1

k2 Higher bending modulus of the membrane �300kBT ·nm2

a Lateral linear size of an inclusion 5 nm

n0 1 /a2 �0.04 nm−2

� Solvent viscosity �0.01–0.1 g /cm·s

k�� Inclusion conformational transition rate constant �m s−1-�s−1

P��
m

Momentum transfer to the membrane for �→�
inclusion conformational change �pN·�s-pN·m s

P��

Momentum transfer to the solvent for �→�
inclusion conformational change �pN·�s-pN·m s

z��
�u�, z��

�d�
Characteristic lengths associated with active force

during �→� transition �nm
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�th�q,t� = − �p�F

h
+ 	

��

k��n0P��
m ����q,t� −

1

4�q
�F

h

+ 	
��

k��n0P�����z��
�u� + z��

�d��q2h

+ 	
��

k��n0P��

z��
�u�2

− z��
�d�2

2
q2����q,t� , �21�

and

�t���q,t� = − M�q2 F

��

�q,t� + 	
�

�k���� − k������q,t� .

�22�

Here h�q , t� and ���q , t� are the coefficients of the Fourier
expansion of the local height h�r , t� and the local densities
���r , t� over the plane waves exp�iq ·r�.

The contributions to the membrane dynamics given by
Eq. �21� come �i� from the elastic stress of the membrane,
described by F /h, �ii� from the direct momentum transfer
from the inclusions to the lipid bilayer, described by
k��n0P��

m ��, �iii� from the action of the active force dipoles
due to the coupling between the local membrane curvature
and the force density distribution, described by
k��n0P�����z��

�u� +z��
�d��q2h, and �iv� from the action of the

active force quadrupoles due to the up-down asymmetry of
the shape of the inclusions �19�, described by

k��n0P���z��
�u�2

−z��
�d�2

�q2�� /2.
Evolution Eqs. �21� and �22� provide the final concise

description of the membrane dynamics coupled to the kinetic
transitions in active multiple-state inclusions diffusing within
the membrane. The physical meanings and typical magni-
tudes of the parameters entering into these equations and the
respective expressions for the free energy are summarized in
Table I.

Equations �21� and �22� represent the generalization of the
equations previously obtained in the studies �5,9,19� where
conformational changes inside the inclusions were neglected,
while the active momentum transfer from the inclusions to
the membrane �5,9� and the active force dipoles and active
force quadrupoles �19� were taken into account.

III. LIMIT OF SLOW MEMBRANE DYNAMICS

Membrane motions with long wavelengths are slow. The
characteristic time scales of such motions are much larger
than the characteristic times corresponding to the kinetics of
internal transitions inside the inclusions. In this situation,
which we consider further in our study, the steady nonequi-
librium distribution over the internal states of active inclu-
sions should be adiabatically following the changes in the
local membrane shape.

As an example, we can consider biomembranes with ac-
tive ion pumps, such as bacteriorhodopsin �BR� and
Ca2+-ATPase, which have been used in the experiments
�6–8�. The typical timescale for conformational transitions
inside the cycle in these ion pumps is of the order of several
milliseconds. The lateral diffusion constant for an ion pump

inside a membrane is of the order of 1 �m2 /s. Therefore,
within a single active conformational cycle such an inclusion
would move over the distance of about several tens of na-
nometers inside the membrane. Hence, if the membrane
shape varies on a scale of several hundreds of nanometers or
longer, the adiabatical approximation for the inclusion kinet-
ics shall be applicable.

In the steady state, local inclusion densities satisfy equa-
tions

	
�

�k���� − k����� = 0 for all � . �23�

In this paper, inclusions with cyclic transitions are consid-
ered �Fig. 2� so that k��=0 for �−�� �1. Therefore, Eq.
�23� gives us

k21�1 − k12�2 = k32�2 − k23�3

= k43�3 − k34�4 = ¯ � Ks�k����t. �24�

Thus, conformational transitions are characterized by a
steady conformational current Ks�t. When Ks	0 the confor-
mational current is along 1→2→3→ . . . →K→1. The pres-
ence of such a flow �if Ks is not vanishing� indicates the
absence of the detailed balance and a deviation from the state
of thermal equilibrium for the inclusions. It is also clear from
Eqs. �23� and �24� that for inclusions with only two states,
the conformational current always vanishes.

Slow dynamics of the system is described by two vari-
ables: the membrane height h and the overall local density of
inclusions �t=	���. From Eq. �22�, we obtain

�t�t�r,t� = 	
�

M��2
kBTn0 ln
��

1 − �t
+ �c��2h� . �25�

Here, �� depends on �t and Ks, we will discuss this depen-
dence when deriving the linearized equations. To find the
equation for h, the terms related to active forces are simpli-
fied by introducing the active momentum transfer, the active
force dipole and the active force quadrupole associated with
an inclusion. From Eqs. �18�, �19�, and �24�, we obtain

	
��

k��P��
m �� = �P21

m + P32
m + ¯ + PKK−1

m + P1K
m ��k21�1

− k12�2� � PA
mKs�k����t, �26�

FIG. 2. Schematics of conformational transitions of an inclusion
with five internal states.
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��

k��P���z��
�u� + z��

�d���� = �P21�z21
�u� + z21

�d�� + P32�z32
�u� + z32

�d��

+ ¯ + P1K�z1K
�u� + z1K

�d����k21�1

− k12�2� � pAKs�t. �27�

and

	
��

k��P��

z��
�u�2

− z��
�d�2

2
�� = 
P21

z21
�u�2

− z21
�d�2

2
+ P32

z32
�u�2

− z32
�d�2

2

+ ¯ + P1K

z1K
�u�2

− z1K
�d�2

2
��k21�1

− k12�2� � QAKs�t. �28�

Here, we have defined the active momentum transfer from an
inclusion to the membrane during one cycle PA

m= P21
m + P32

m

+ ¯+P1K
m , the net active force dipole of an inclusion during

one cycle pA= P21�z21
�u�+z21

�d��+ P32�z32
�u�+z32

�d��+ ¯+P1K�z1K
�u�

+z1K
�d�� and the net active force quadrupole of an inclusion

during one cycle QA= P21�z21
�u�2

−z21
�d�2

� /2+ P32�z32
�u�2

−z32
�d�2

� /2

+ ¯+P1K�z1K
�u�2

−z1K
�d�2

� /2. Note that the respective terms are
nonvanishing and thus contribute to the membrane dynamics
only when the detailed balance is violated and the cyclic
conformational current Ks�t is present. The equation of mo-
tion for h�q , t� can be obtained by substituting Eq. �26�–�28�
into Eq. �21�, yielding

�th�q,t� = − �p�F

h
+ n0PA

mKs�t��q,t� −
1

4�q
�F

h

+ n0pAKs�thq2 + n0QAKs�tq
2��q,t� . �29�

Equation �29� indicates that the membrane acquires a non-
zero velocity due to active permeation, as one can see from
�th=−�pn0PA

mKs�t at q=0. For a permeable membrane this
drift provides clear manifestation of nonequilibrium pro-
cesses in the system under consideration. However, so far the
experiments on active membranes have been carried out only
for the membranes with negligible permeability and the ac-
tive drift could not be observed �6�.

IV. NONEQUILIBRIUM INSTABILITIES

To analyze possible instabilities of the flat membrane, we
should linearize the equations of motion by expanding h�r , t�
and �t�r , t� around their uniform solutions h0�t� and �t0,

h�r,t� = h0�t� + h�r,t� ,

�t�r,t� = �t0 + �t�r,t� . �30�

Note that h�q , t�=h�q , t� and �t�q , t�=�t�q , t� for q�0.
First, we consider the linear elasticity of the system. One

can express F /h as

F

h�r�
= ���4 − ��2 − k2�

6�h + 	
�

�c��2
��

�t
�t� .

At small �2h, we can further express �� /�t as

��

�t
= ���1 + l���2h + ¯� , �31�

where �� is dimensionless and l�� is a length that character-
izes the curvature dependence of �� /�t. Because all coordi-
nate dependence of �� /�t comes from the local curvature
dependence of the transition rates, both �� and l�� are inde-
pendent of r, but they depend on ���

�0� and ���
�1�, i.e., on the

strength of the external energy drive. From Eq. �31�,
�2��t�� /�t�=���2�t+��l���t0�

4h+¯. As a result,

F

h�r�
= �
1 + 	

�

c���l���t0��4h − ��2h − k2�
6h

+ 	
�

�c����2�t = �ef f�
4h − ��4h − k2�

6h

+ �ef fcef f
h �2�t. �32�

Here, we have introduced the effective membrane bending
rigidity �ef f =��1+	�c���l���t0� and the effective
inclusion-membrane elastic coupling constant cef f

h

=	�c���� /�ef f. Note that, besides of c�, the coefficients �ef f
and cef f

h also depend on ���
�0� and ���

�1� through �� and l��.
These effective elastic moduli are different from their equi-
librium values because the relative inclusion population
�� /�t is different from the equilibrium distribution.

Next we consider the equation for �t. From Eq. �31�,

�2
ln
��

1 − �t
� = �2
ln

��

�t
+ ln

�t

1 − �t
�

= l���4h + 
 1

�t0
+

1

1 − �t0
��2�t.

Substituting the above expression into Eq. �25�, one finds

�t�t = 	
�

M��n0kBT�l���4h + 
 1

�t0
+

1

1 − �t0
��2�t�

+ �c��4h .

It is convenient to introduce the effective mobility Mef f
�	�M�, the effective susceptibility of the inclusions �ef f
�n0kBT�1 /�t0+1 / �1−�t0�� and the effective inclusion-
membrane elastic coupling constant cef f

� associated with in-
clusion diffusion, Mef f�ef fcef f

� �	�M���c�+n0kBTl���.
Similar to �ef f and cef f

h , cef f
� depends on ���

�0� and ���
�1�. Now

the equation for �t�t�q , t� can be written as

�t�t�q,t� = − Mef f��ef fq
2�t�q,t� − �ef fcef f

� q4h�q,t�� .

�33�

To obtain the linearized equation for �h�q , t� /�t, we ex-
pand the conformational current to the order of h as
Ks�k���=K0�1+ lK�2h+¯� and obtain

Ks�k����t = K0�t0 + K0�t + K0lK�t0�
2h , �34�

where K0 and lK are both independent of r, but they depend
on ���

�0� and ���
�1�. Substituting Eqs. �32� and �34� into Eq.
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�29�, a linearized equation of motion for h�q , t� in the mo-
mentum space is found,

�th�q,t� = − �p����a
pq2 + �ef fq

4 + k2q6�h�q,t� − ��ef fcef f
h q2

− n0PA
mK0��t�q,t��� −

1

4�q
���aq2 + �aq4

+ k2q6�h�q,t� − �ef fcaq2�t�q,t�� . �35�

In this equation, the following notations have been intro-
duced:

�a
p = � − n0PA

mK0lK�t0 �36�

is the surface tension renormalized by the active forces with
which the inclusions act on the membrane,

�a = � + n0pAK0�t0 �37�

is the surface tension renormalized by the active force di-
poles,

�a = �ef f − n0QAK0lK�t0 �38�

is the bending rigidity renormalized by the curvature-induced
active quadrupoles, and

�ef fca = �ef fcef f
h − n0QAK0 �39�

defines the renormalized inclusion-curvature coupling due to
the curvature-independent active force quadrupoles.

Since experiments are usually carried out for the mem-
branes with negligible permeability �6–8�, we consider be-
low only the instabilities of impermeable membranes with
�p=0.

It is convenient to write the derived equations in the ma-
trix form

�t
 h�q,t�
�t�q,t�

� = 
Mhh�q� Mh��q�
M�h�q� M���q�

�
 h�q,t�
�t�q,t�

� , �40�

where

Mhh�q� = −
q

4�
��a + �aq2 + k2q4� ,

Mh��q� =
q

4�
�ef fca,

M�h�q� = Mef f�ef fcef f
� q4,

M���q� = − Mef f�ef fq
2. �41�

The definitions and physical meanings of the parameters in
Eqs. �40� and �41� are summarized in Table II.

To analyze the linear stability of the system, we seek so-
lutions of Eq. �40� of the form h�q , t� , �t�q , t��e�t. The
characteristic equation for � is

�2 − �Mhh + M���� + �MhhM�� − M�hMh�� = 0. �42�

Let the two solutions of the above equation be �1�q� and
�2�q�. Then

�1 + �2 = Mhh + M�� = −
1

4�
��aq + 4�Mef f�ef fq

2 + �aq3

+ k2q5� ,

�1�2 = MhhM�� − Mh�M�h =
Mef f�ef f f

4�
��aq3 + �̃aq5 + k2q7� ,

�43�

where

�̃a = �a −
�ef f

2 cacef f
�

�ef f
. �44�

The following instabilities can occur in this system:
�i� the long-wavelength instability at q=0 when one of the

�’s becomes zero at q=0 and both �1, �2 are negative for any
nonzero q;

TABLE II. Coefficients in Eq. �40�.

Symbols Definition Physical meaning

��, l�� �� /�t=���1+ l���2h�
�� /�t represents the distribution over the internal

state �

�ef f ��1+	���l���t0� Effective bending rigidity in F /h

cef f
h 	�c���� /�ef f Inclusion-curvature coupling in F /h

cef f
� 	�M���c�+n0kBTl��� /Mef f�ef f Inclusion-curvature coupling in ��t /�t

K0 Ks=K0�1+ lK�2h�
K0�t is the curvature-independent conformational

current

lK Ks=K0�1+ lK�2h�
K0lk��2h��t0 is the curvature-dependent

conformational current

�a �+n0pAK0�t0

Surface tension renormalized by the active force
dipoles

�a �ef f −n0QAK0lK�t0

Bending rigidity renormalized by the
curvature-induced active quadrupoles

ca ��ef fcef f
h −n0QAK0� /�ef f

Inclusions-curvature coupling renormalized by the
curvature-independent active force quadrupoles
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�ii� the oscillatory wave instability �a Hopf bifurcation
with a finite wave number� at q=qh, when �1+�2=Mhh�q�
+M���q�
0 for all q except q=qh and �1�2
=Mhh�q�M���q�−Mh��q�M�h�q�	0 for all q. The fre-
quency of the wave at the onset of the instability is � /2�
=��1�qh��2�qh� /2�.

�iii� The static Turing-type instability, when �1+�2
0 for
all q and �1�2	0 for all q except q=qs.

The typical magnitudes of the parameters that are impor-
tant for the stability analysis are summarized in Table III.
Figure 3 shows phase diagrams for systems with the typical
parameters. Varying the parameters does not change qualita-
tive features of the phase diagrams. The ordinates in Fig. 3
represent the strength of the curvature-dependent pumping
and the abscissas represent the strength of the curvature-
independent pumping. The state of thermal equilibrium cor-
responds to the origin of coordinates; as the system is driven
out of equilibrium, the state of the system moves along a
straight line with the slope lK /a. Generally, coefficients �ef f,
cef f

� , and cef f
h also vary as the system is being moved away of

equilibrium; for simplicity we take however constant values
�ef f =5kBT, and cef f

� =cef f
h =0.1 nm−1 when the phase bound-

aries below in Fig. 3 are determined. We have conveniently
chosen the z-axis of the system such that the signs of both
cef f

h and cef f
� are positive. Thus the possible nonequilibrium

phases of an active membrane depend only on the signs of pA
and QA.

�a� When pA	0 and QA	0, an active membrane contain-
ing inclusions that has lK /a greater than the slope of the
dashed line of Fig. 3�a� has a Turing-type instability when it
is driven sufficiently far away from equilibrium. Otherwise,
the system has a wave instability.

�b� When pA	0 and QA
0, an active membrane contain-
ing inclusions with lK
0 has a Turing-type instability when
it is driven sufficiently far away from equilibrium.

�c� When pA
0 and QA	0, an active membrane contain-
ing inclusions that has lK /a greater than the slope of the
dashed line of Fig. 3�c� has a Turing-type instability when it
is driven sufficiently far away from equilibrium. Otherwise,
the system has a long-wavelength instability.

�d� When pA
0 and QA
0, an active membrane contain-
ing inclusions with �lK /a� greater than the absolute value of
the slope of the dashed line of Fig. 3�d� has a Turing-type
instability when it is driven sufficiently far away from equi-

librium. Otherwise, the system has a long-wavelength insta-
bility.

A. Long-wavelength static instability

According to Eq. �43�, this instability occurs when �a
=�+n0pAK0�t0
0, i.e., when the effective surface tension

TABLE III. Typical magnitudes of the parameters important for
the stability analysis.

Symbol Typical magnitude

pA �pA� /a�pN·m s

QA �QA� /a2�pN·m s

K0 �K0��m s

K0lK�2h �K0lK�2h��m s

�t0 �t0�0.1

�ef f �ef f �kBT /nm2

�ef f �ef f �10kBT

cef f
h , cef f

� �cef f
h � , �cef f

� ��0.1 nm−1

(a)

(b)

(c)
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w

avelength
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FIG. 3. �Color online� Nonequilibrium phase diagrams for the
membranes with active multistate inclusions. Here
�=10−4kBT /nm2, k2=250kBT ·nm2, �t0=0.1, Mef f�ef f =1 �m2 /s,
and �=10−3 kg /m·s. The long-dashed curve indicates the onset of
the wave instability, the short-dashed curve indicates the onset of
the Turing instability, and the solid line indicates the onset of the
long-wavelength instability. �a� pA /a=1 pN·m s, QA /a2

=1 pN·m s. �b� pA /a=1 pN·m s, QA /a2=−1 pN·m s. �c� pA /a
=−1 pN·m s, QA /a2=1 pN·m s. �d� pA /a=−1 pN·m s, QA /a2=
−1 pN·m s.
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becomes negative. As shown in Fig. 3, for systems with pA

0 this instability is possible at sufficiently large K0. Using
as the typical values �pA��nm·pN·�s to nm·pN·m s, K0
�m s−1 and n0=a−2�1 /25 nm2, we find that to get �a
0
for a relatively low inclusion density, such as �t0�10−1, a
vesicle with a bare surface tension ��10−3kBT /nm2 is
needed. In the experiments �8�, the measured surface tension
of a vesicle with passive BRs was ��10−4kBT /nm2. Thus, it
should be possible to observe this long-wavelength instabil-
ity in the experiments.

B. Finite-wavelength instabilities

Besides of the long-wavelength instability corresponding
to negative �a, there are also instabilities when �a or �̃a
become negative. If �a is positive, these instabilities corre-
spond to the growth of modes with finite wavelengths, be-
cause long-wavelength fluctuations are suppressed by mem-
brane tension.

�i� When

�̃a = − 2��ak2, �45�

the static Turing-type instability takes place. Its characteristic
wave number is

qs = ��a/k2�1/4. �46�

As follows from Eqs. �37�, �38�, and �44�, Eq. �45� is equiva-
lent to

n0QAK0
lK�t0 −
�ef fcef f

�

�ef f
� − 2��� + n0pAK0�t0�k2

= �ef f −
�ef f

2 cef f
� cef f

h

�ef f
. �47�

As seen in Fig. 4, two conditions are essential for the occur-
rence of this instability. The first is that the difference �ef f
−�ef f

2 cef
� cef f

h /�ef f should be small, implying that the curved
membrane regions are strongly attracting the inclusions. The
second property is that the combination n0QAK0�lK�t0
−�ef fcef f

� /�ef f� should be large and positive, implying strong
curvature-induced active force quadrupoles. In the phase dia-
grams in Fig. 3, the Turing-type instability is located where
K0lK is large.

The characteristic wavelength at the onset of the Turing-
type instability can be estimated. Taking �a���5
�10−3kBT /nm2, k2�300kBT ·nm2, we find that this finite-
wavelength instability has a characteristic wavelength of
2� /qs=2� / ��a /k2�1/4�10 nm–102 nm. Numerically com-

puted wavelengths for this instability are shown in Fig. 5.
Note also that, according to Figs. 3 and 5, for pA
0 only the
membranes with inclusions that have large lK �i.e., the con-
formational current of the inclusions increases rapidly with
the local membrane curvature� may exhibit the Turing-type
instability, otherwise long-wavelength instability is taking
place.

�ii� When �a=�a
c, the oscillatory wave instability with the

characteristic wave vector qh takes place. The values of �a
and qh are given by the solutions of two equations,

qh =�− �a
c

6k2
+�
− �a

c

6k2
�2

+
�a

3k2
, �48�

and

2qh
3 +

�a
c

k2
qh +

2�Mef f�ef f

k2
= 0. �49�

Because qh	0, Eq. �48� requires �a
c to be negative.

Generally, the above equations for �a
c and qh have to be

solved numerically. Figure 3 shows that this instability may
occur only when pA, QA, and cef f

h , cef f
� all have the same sign

and the curvature-induced pumping is not too strong �i.e., lK
is not very large�. These conditions suggest the following
picture for the mechanism of wave instability. As shown in
Fig. 6, inclusions are first attracted to the regions with their

FIG. 4. �Color online� The Turing-type instability: �i� the inclu-
sions are attracted to the regions with the preferred membrane cur-
vature, �ii� the curvature-dependent active force quadrupoles gener-
ate membrane curvature that attracts the inclusions. 10 20 30 40 50
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FIG. 5. �Color online� The characteristic wavelengths at the on-
set of instabilities plotted as functions of lK /a, the dimensionless
coefficient for the curvature-dependent pumping rate.
�=10−4kBT /nm2, k2=250kBT ·nm2, �t0=0.1, Mef f�ef f =1 �m2 /s,
�=10−3 kg /m·s. �ef f =5kBT, and cef f

h =cef f
� =0.1 nm−1. �a� thin

curves: pA /a=1 pN·m s, QA /a2=1 pN·m s �dashed curve: wave
instability; solid curve: Turing-type instability�; thick curves:
pA /a=0.1 pN·m s, QA /a2=1 pN·m s �dashed curve: wave insta-
bility, solid curve: Turing-type instability�. �b� dashed curve: pA /a
=−1 pN·m s, QA /a2=1 pN·m s; and solid curve: pA /a=
−1 pN·m s, QA /a2=−1 pN·m s.
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preferred membrane curvature, but the active forces from the
inclusions in these regions produce curvature that the inclu-
sion dislike �thus lK cannot be large�. As a result, the inclu-
sions move back and forth, chasing regions with the pre-
ferred membrane curvature. This leads to an oscillatory
instability with the characteristic wavelength which is large
as compared to the molecular scale. Such oscillatory insta-
bility is somewhat similar but different from the active mem-
brane waves predicted for membranes interacting with actin
and myosin �13�. Although violation of detailed balance is
required for both types of waves, in the system considered in
�13� conformational changes of membrane proteins and mo-
tors were neglected. Instead convex membrane proteins that
activate actin polymerization, sufficiently strong myosin con-
traction and myosin binding to actin filaments are shown to
be necessary for propagating waves in �13�.

The characteristic wavelength at the onset of the wave
instability in our model is about 2� /qh�100 nm. Substitut-
ing qh to �h=��1�qh��2�qh�, the characteristic time period at
the onset of the wave instability is estimated to be of the
order of a millisecond �see Fig. 7 for numerically computed
characteristic time at the onset of the wave instability�. This
is already on the border of the validity of the adiabatic ap-
proximation of slow membrane dynamics because such char-
acteristic time is comparable with the time scale of confor-
mational transitions in individual active inclusions.
Therefore, our analysis of the wave instability should be

viewed as only providing an indication that such an instabil-
ity may exist. The accurate quantitative analysis of this in-
stability should be performed without assuming the slowness
of membrane dynamics; it will be undertaken in a separate
publication �20�.

V. DISCUSSION

We have constructed a complete kinetic description for
the membranes with active multiple-state inclusions. Al-
though we assume that all inclusions have the same orienta-
tion with respect to the membrane, the situation where inclu-
sions with both orientations are present would be a
straightforward extension of this work. Comparing to previ-
ous theories of active membranes �9,10,19�, our work has
several important new aspects.

First, our model includes conformational transitions for
inclusions with an arbitrary number of internal states. One
should note that Eqs. �21� and �22� are not a simple gener-
alization of the previous theories. The coefficients k��, P��,
P��

m , z��
�u�, and z��

�d� obey certain relations imposed by the mi-
croscopic time-reversal symmetries of the system. This is the
first theoretical study where such a connection between the
hydrodynamics and the microscopic dynamics of active
membranes is established. An important feature of this con-
nection is that the kinetic coefficients in our model can be
extracted from the microscopic models of individual inclu-
sions �21�. Thus, a bottom-up theoretical study of the
biomembrane dynamics becomes possible.

Second, we point out that only when the inclusions have
at least three internal states, deviations from the detailed bal-
ance accompanied by circulating probability currents are
possible. This is clearly demonstrated by the conformational
current �Eqs. �23� and �24�� in the limit of slow membrane
dynamics. Nonequilibrium properties of an active membrane
with two-state inclusions in previous study �10� can be at-
tributed to the fact that the kinetic coefficients corresponding
to active forcing in �10� did not obey the microscopic time-
reversal symmetry. Hence, the study �10� should be rather
considered as corresponding to a model for a membrane con-
taining active multiple-state inclusions, in the limit that two
of the conformations of an inclusion have much longer life-

FIG. 8. A conical inclusion in state �: l� is the thickness of the
inclusion, r�

out is the outer radius, and r�
in is the inner radius of the

inclusion.

FIG. 6. �Color online� The wave instability: �i� as indicated by
the horizontal arrows, inclusions are attracted to the regions with
the preferred membrane curvature, this leads to �ii� as indicated by
the vertical arrows, in the inclusion-rich domains, the active force
quadrupoles produce the membrane curvature that repels the inclu-
sions, therefore the system evolves back to �i�.
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FIG. 7. �Color online� The characteristic time scales at the onset
of the wave instability for �=10−4kBT /nm2, k2=250kBT ·nm2, �t0

=0.1, Mef f�ef f =1 �m2 /s, �=10−3 kg /m·s. �ef f =5kBT, and cef f
h

=cef f
� =0.1 nm−1. Dashed curve: pA /a=1 pN·m s, QA /a2

=1 pN·m s; solid curve: pA /a=0.1 pN·m s, QA /a2=1 pN·m s.
The magnitude of lK /a for the solid curve is indicated at the top of
the frame, and the magnitude of lK /a for the dashed curve is indi-
cated at the bottom.

HSUAN-YI CHEN AND ALEXANDER S. MIKHAILOV PHYSICAL REVIEW E 81, 031901 �2010�

031901-10



times than all other conformations. An advantage of our
present formulation is that, unlike in �10�, it is now possible
to obtain the conformational current Ks�t from the micro-
scopic models of individual inclusions �21�.

We have performed a linear stability analysis and con-
structed nonequilibrium phase diagrams of active mem-
branes. We find that the type of instability depends on the
signs of the force dipole and the force quadrupole of the
active inclusions. The characteristic wavelengths of the Tur-
ing type and the traveling-wave instabilities are both of the
order of hundreds of nanometers. The characteristic fre-
quency of the traveling wave is of the order of a kHz. Ex-
perimentally, the static Turing instability could be observed
directly by an optical microscope, and dynamic scattering
experiments can be applied to probe both stationary and trav-
eling waves.

To further study the instabilities predicted in the present
analysis, numerical simulations should be performed in the
future �20�. The full dynamics, including the amplitudes of
the Turing type and the traveling waves, and the effect of
thermal fluctuations on the instabilities, will be further exam-
ined in these simulations.
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APPENDIX

In this appendix we give a brief calculation that relates the
shape of a conical state-� inclusion to the coupling constant
c�.

As shown in Fig. 8, the outer radius, the inner radius and
the thickness of a state-� inclusion are r�

out, r�
in, and l�, re-

spectively. The preferred radius of curvature R� is related to
these quantities by

r�
out

R� + l�/2
=

r�
in

R� − l�/2
.

That is,

R� =
l��r�

out + r�
in�/2

r�
out − r�

in =
�r�

out + r�
in�2l�/2

�r�
out2 − r�

in2
�

�
��l�

���

, �A1�

where �� is the average cross-sectional area of a state-�
inclusion, ��� is the difference of cross-sectional area be-
tween the outer and the inner surfaces of a state-� inclusion.
The coupling constant c� is simply c��1 /R�. As follows
from Eqs. �2� and �4�, the regions that are rich in the inclu-
sions with c�	0 tend to have �2h
0. This is illustrated in
Fig. 9.
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tive c� tend to have �2h
0.
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